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Abstract: In this paper, we prove that the 1D Cauchy problem of the compress-
ible Navier-Stokes equations admits a unique global classical solution (ρ, u) if the
viscosity µ(ρ) = 1 + ρβ with β ≥ 0. The initial data can be arbitrarily large and
may contain vacuum. Some new weighted estimates of the density and velocity are
obtained when deriving higher order estimates of the solution.
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1. Introduction and Main Results
In this paper, we consider the following compressible Navier-Stokes equations with
density-dependent viscosity coefficients:{
ρt + (ρu)x = 0,
(ρu)t + (ρu
2)x + [p(ρ)]x = [µ(ρ)ux]x,
(1.1)
where t ≥ 0, x ∈ R, ρ = ρ(x, t) and u = u(x, t) represent the fluid density and
velocity respectively and the pressure P is given by
P (ρ) = Rργ , γ > 1. (1.2)
For simplicity, we assume that
µ(ρ) = 1 + bρβ , β ≥ 0. (1.3)
1The research is partially supported by NSFC (No. 11171229, 11231006 and 11228102) and
Project of Beijing Chang Cheng Xue Zhe.
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In the sequel, we set R = b = 1 without loss of generality. We consider the Cauchy
problem for (1.1) with (ρ, u) vanishing at infinity. The initial data is imposed as
(ρ, u)|t=0 = (ρ0(x), u0(x)), x ∈ R. (1.4)
It is known that in the presence of vacuum, the solution of the compressible
Navier-Stokes equations with constant viscosity will behave singularly (see [26],[27],
[9]) in general. By some physical considerations, Liu, Xin and Yang in [21] intro-
duced the modified compressible Navier-Stokes equations with density-dependent
viscosity coefficients for isentropic fluids. In fact, while deriving the compressible
Navier-Stokes equations from the Boltzmann equations by the Chapman-Enskog
expansions, the viscosity depends on the temperature and correspondingly depends
on the density for isentropic cases. Moreover, the viscous Saint-Venant system for
the shallow water equations, derived from the incompressible Navier-Stokes equa-
tions with a moving free surface, corresponds a kind of compressible Navier-Stokes
equations with density-dependent viscosity (see [6] and references therein).
The one-dimensional compressible Navier-Stokes equations with density-dependent
viscosity have been widely studied (see [4, 7, 12, 19, 14, 15, 20, 23, 24, 28, 29] and
references therein). However, the global well-posedness of classical solutions with
large initial data in multi-dimensional case is completely open. Even the global
existence of weak solutions in multi-dimensional case remains open except under
spherically symmetric assumptions [6]. In [25], Vaigant-Kazhikhov first proposed
and studied the following two-dimensional Navier-Stokes equations{
ρt + div(ρU) = 0,
(ρU)t + div(ρU⊗U) +∇P (ρ) = µ△U+∇((µ+ λ(ρ))divU). (1.5)
Here ρ(x, t) and U = (u1(x, t), u2(x, t)) represent the density and velocity of the
flow respectively. It is assumed in [25] that the shear viscosity µ > 0 is a positive
constant and the bulk viscosity satisfies λ(ρ) = ρβ with β > 0 in general. For the
periodic problem on the torus T2 and under assumptions that the initial density
is uniformly away from vacuum and β > 3 , Vaigant-Kazhikhov established the
global well-posedness of the classical solution to (1.5) in [25]. Jiu-Wang-Xin [17]
improved the result and obtained the global well-posedness of the classical solution
with large initial data permitting vacuum. Later on, Huang-Li relaxed the index β
to be β > 4/3 and studied the large time behavior of the solutions in [10]. For the 2D
Cauchy problems with vacuum states at far fields, Jiu-Wang-Xin [16] and Huang-
Li [11] independently considered the global well-posedness of classical solution in
different weighted spaces. Recently, Jiu-Wang-Xin in [18] studied the global well-
posedness to the Cauchy problem with absence of vacuum at far fields and proved
that if there is no vacuum initially then there will not appear vacuum in any finite
time.
In this paper, we will study the global existence and uniqueness of classical solu-
tion to the one-dimensional Cauchy problem for the isentropic compressible Navier-
Stokes equations (1.1)-(1.4). The initial data is assumed to be large and may contain
vacuum. The index β ≥ 0 is much more general in comparison with that in [25],
[16], [11] and [18] such that the constant viscosity is permitted in our result. Note
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that for the initial data satisfying (1.6)-(1.7), the local existence and uniqueness of
classical solutions to (1.1)-(1.4) have been established in [3], [22]. Thus, to obtain
the global classical solution, one needs to obtain a priori estimates of the first and
higher order derivatives of the solution. This paper is motivated by [4] in which the
one-dimensional initial-boundary problem was studied and [16] in which the two-
dimensional Cauchy problem of (1.5) was studied. The upper bound of the density
will be proved in a new approach in this paper and hence the a priori estimates of the
first order derivative of the solution can be obtained in a direct way. However, when
deriving the estimates of the higher order derivatives of the solution, new difficulty
will be encountered in this paper since the Poincare inequality can not be used and
we have no any Lp(1 ≤ p <∞) estimates of the velocity. To overcome this difficulty,
inspired by [16], we obtain some new weighted estimates on the solution (ρ, u) by
using Cafferelli-Kohn-Nirenberg weighted inequality and furthermore obtain some
Lp(1 < p < ∞) and L∞ estimates of the velocity (see (2.36)). Moreover, by mod-
ifying the elegant estimates on the material derivatives of the velocity developed
by Hoff ([8]), the weighted spatial estimates on both the gradient and the material
derivatives of the velocity are achieved. Based on these, one can obtain a priori
estimates of the higher order derivatives of the solution.
Denote the standard homogeneous and inhomogeneous Sobolev spaces as follows:
Dk = {u ∈ L1loc(R)
∣∣‖∂kxu‖L2 <∞}, ‖u‖Dk = ‖∂kxu‖L2, Hk = L2 ∩Dk.
The main result of this paper can be stated as
Theorem 1.1. Suppose that the initial values (ρ0, u0)(x) satisfy
0 ≤ (ρ0, ρβ0 , ργ0) ∈ L1(R) ∩H2(R), u0 ∈ D1(R) ∩D2(R),
√
ρ0u0(1 + |x|α2 ) ∈ L2(R), ∂xu0|x|α2 ∈ L2(R), (|x|α2 ρ
β
2
0 , |x|
α
2 ρ
γ
2
0 ) ∈ L2(R),
(1.6)
for β ≥ 0 and 2 < α < 1 + 2
3
√
1+ 3
√
4
, and the compatibility condition
[µ(ρ0)u0x]x − [p(ρ0)]x(x) = √ρ0g(x), x ∈ R, (1.7)
with some g satisfying
√
ρ0g(1 + |x|α2 ) ∈ L2(R). Then for any T > 0, there exists
a unique global classical solution (ρ, u)(t, x) to the Cauchy problem (1.1) − (1.4),
satisfying
0 ≤ ρ ≤ C, (ρ, ργ , ρβ) ∈ C([0, T ];H2(R)), (ρt, (ργ)t, (ρβ)t ∈ C([0, T ];H1(R)),
ρtt ∈ C([0, T ];L2(R)), ((ργ)tt, (ρβ)tt) ∈ L∞([0, T ];L2(R)), (ρu)t ∈ C([0, T ];H1(R)),
√
ρu(1 + |x|α2 ),√ρu˙(1 + |x|α2 ), ux|x|α2 , (|x|α2 ρ
β
2
0 , |x|
α
2 ρ
γ
2
0 ) ∈ C([0, T ];L2(R))
u ∈ C([0, T ];L 2α−1 (R) ∩D2(R)) ∩ L2(0, T ;L 2α−1 ∩D3(R)),
√
tu ∈ L∞(0, T ;D3),
ut ∈ L∞(0, T ;L
2
α−1 (R) ∩D1(R)),
√
tut ∈ L2(0, T ;D2(R)) ∩ L∞(0, T ;L
4
α−2 (R) ∩D1(R)),
tut ∈ L∞(0, T ;D2(R)),
√
t
√
ρutt|x|α4 ∈ L2(0, T ;L2(R)), t√ρutt ∈ L∞(0, T ;L2(R)),
t∂xutt ∈ L2(0, T ;L2(R)),
(1.8)
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where u˙ is the material derivative of u defined as u˙ = (∂t + u · ∂x)u.
Remark 1.1. In our result, the index β ≥ 0 is more general in comparison with
the results obtained in [4] for the initial-boundary problem and in [16] for the two-
dimensional Cauchy problem of (1.5). Much more general viscosity µ(ρ) can be
treated in a similar way.
The rest of the paper is organized as follows: In Section 2, we collect some ele-
mentary facts and derive the a priori estimates of the solution which are needed to
extend the local solution to a global one. In Section 3, we give the proof of the main
result.
2. A priori estimates
In this section, we will establish various a priori estimates and weighted estimates
on classical solution (ρ, u) on the interval [0, T ] for any T > 0. Before that, we
give the Caffarelli-Kohn-Nirenberg weighted inequalities, which will be used in the
a priori estimates of the higher order derivatives of the solution.
Lemma 2.1 (Caffarelli-Kohn-Nirenberg weighted inequality [1], [2]).
(1) ∀h ∈ C∞0 (R), it holds that
‖|x|κh‖r ≤ C‖|x|α|∂xh|‖θp‖|x|βh‖1−θq (2.1)
where 1 ≤ p, q < ∞, 0 < r < ∞, 0 ≤ θ ≤ 1, 1
p
+ α > 0, 1
q
+ β > 0, 1
r
+ κ > 0 and
satisfying
1
r
+ κ = θ(
1
p
+ α− 1) + (1− θ)(1
q
+ β) (2.2)
and
κ = θσ + (1− θ)β
with 0 ≤ α− σ if θ > 0 and 0 ≤ α− σ ≤ 1 if θ > 0 and 1
p
+ α− 1 = 1
r
+ κ.
(2) (Best constant for Caffarelli-Kohn-Nirenberg weighted inequality) ∀h ∈ C∞0 (R),
it holds that
‖|x|bh‖p ≤ Ca,b‖|x|a∂xh‖2 (2.3)
where a > 1
2
, a− 1 ≤ b ≤ a − 1
2
and p = 2
2(a−b)−1 . If b = a − 1, then p = 2 and the
best constant in the inequality (2.3) is
Ca,b = Ca,a−1 = |2a− 1
2
|
The proof of (1) can be found in [1] and the proof of (2) can be found in [2].
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2.1. Uniform upper bound of the density.
In this subsection, we will present a new approach to obtain the upper bound of
the density. The following is the usual energy estimate.
Lemma 2.2. Let (ρ, u) be a smooth solution to (1.1)− (1.4). Then for any T > 0,
it holds ∫
R
(ρu2 + ργ)(t)dx+
∫ T
0
∫
R
(1 + ρβ)(ux)
2dx ≤ C.
The upper bound of the density is stated as follows.
Lemma 2.3. Suppose that (ρ, u) is a smooth solution to (1.1)− (1.4). Then for any
T > 0, there exists an absolute constant C > 0 which depends on the initial data
and β ≥ 0 such that
ρ(x, t) ≤ C, (x, t) ∈ R× (0, T ].
Proof. Let
ξ =
∫ x
−∞
ρu(y)dy.
Using the momentum equation (1.1)2 , we have
ξtx + (ρu
2)x = (µ(ρ)ux)x − px.
Integrating with respect to x over (−∞, x) yields
ξt + ρu
2 − µ(ρ)ux + p = 0, (2.4)
Using the mass equation (1.1)1, we rewrite (2.4) as
ξt + ρu
2 + µ(ρ)
ρt + uρx
ρ
+ p = 0. (2.5)
Let X(t, x) be the particle trajectory defined by{
dX(t,x)
dt
= u(X(t, x), t),
X(0, x) = x.
Then
dξ
dt
(X(t, x), t) = ξt + uξx = ξt + ρu
2. (2.6)
Denote
η(ρ) =
∫ ρ
1
µ(s)
s
ds =
{
ln ρ+ 1
β
(ρβ − 1), if β > 0,
2 ln ρ, if β = 0.
It follows from (2.5) and (2.6) that
d
dt
(ξ + η)(X(t, x), t) ≤ d
dt
(ξ + η)(X(t, x), t) + p(X(t, x), t) = 0. (2.7)
Integrating (2.7) over (0, t), we have
(ξ + η)(X(t, x), t) ≤ ξ(X(0, x), 0) + η(X(0, x), 0).
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Since
ξ(X(0, x), 0) =
∫ X((0,x),0)
−∞
ρ0u0(y)dy ≤ |
∫
R
ρ0u0dy| ≤ ‖√ρ0u0‖L2‖ρ0‖1/2L1 ≤ C,
η(X(0, x), 0) =
∫ ρ0
1
µ(s)
s
ds =
{
ln ρ0 +
1
β
(ρβ0 − 1), if β > 0
2 ln ρ0, if β = 0
≤
{
ρ0 +
1
β
(ρβ0 − 1), if β > 0
2ρ0, if β = 0
,
we have
ξ(x, t) + η(x, t) ≤ C,
which implies
ln ρ+
1
β
(ρβ−1) ≤ C−
∫ x
−∞
ρudx ≤ C+
∫
R
|ρu|dx ≤ C+‖√ρu‖L2‖ρ‖L1 ≤ C, β > 0,
or
2 ln ρ ≤ C −
∫ x
−∞
ρudx ≤ C +
∫
R
|ρu|dx ≤ C + ‖√ρu‖L2‖ρ‖L1 ≤ C, β = 0.
Then we have
ln ρ ≤
{
C + 1
β
, if β > 0,
C, if β = 0.
Consequently
ρ(x, t) ≤ C, β ≥ 0.
The proof of the lemma is completed. 
2.2. The estimates of the first derivatives.
The first derivative estimates of the velocity is as follows.
Lemma 2.4. Suppose that (ρ, u) is a smooth solution to (1.1)− (1.4). Then for any
T > 0, it holds ∫
R
(ux)
2dx+
∫ T
0
∫
R
ρu2tdxdt+
∫ T
0
‖ux‖2L∞dt ≤ C(T ).
Proof. Using (1.1)1,we rewrite (1.1)2 as
ρut + ρuux + (ρ
γ)x = (µ(ρ)ux)x. (2.8)
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Multiplying on both sides of (2.8) by ut, integrating over R, we have∫
R
ρu2tdx+
1
2
d
dt
∫
R
µ(ρ)u2xdx =
1
2
∫
R
(ρβ)tu
2
xdx−
∫
R
ρutuuxdx−
∫
R
(ργ)xutdx
≤ d
dt
∫
R
ργuxdx+ γ
∫
R
ργ−1(ρux + uρx)uxdx− 1
2
∫
R
(u(ρβ)x + βρ
βux)u
2
xdx
+
1
2
∫
R
ρu2tdx+ C
∫
R
ρu2u2xdx.
It yields
1
2
∫
R
ρu2tdx+
1
2
d
dt
∫
R
µ(ρ)u2xdx ≤
d
dt
∫
R
ργuxdx+ γ
∫
R
ργ−1(ρux + uρx)uxdx
− 1
2
∫
R
(u(ρβ)x + βρ
βux)u
2
xdx+ C
∫
R
ρu2u2xdx
=
d
dt
∫
R
ργuxdx+ Σ
2
i=1Ii + C
∫
R
ρu2u2xdx,
(2.9)
where we used the following equation
(ρβ)t + u(ρ
β)x + βρ
βux = 0, β ≥ 0.
Then we estimate the terms I1 − I2 as follows.
I1 = γ
∫
R
ργu2xdx+ γ
∫
R
ργ−1ρxuuxdx
≤ C‖ρ‖γL∞
∫
R
u2xdx+ γ
∫
R
(
∫ ρ
0
sγ−1
µ(s)
ds)xu(µ(ρ)ux − ργ)dx+ γ
∫
R
(
∫ ρ
0
s2γ−1
µ(s)
ds)xudx
≤ C
∫
R
µ(ρ)u2xdx+ C(T )− γ
∫
R
(
∫ ρ
0
sγ−1
µ(s)
ds)u(ρut + ρuux)dx
+ C
∫
R
(
∫ ρ
0
s2γ−1ds)|ux|dx
≤ C
∫
R
µ(ρ)u2xdx+ ε
∫
R
ρu2tdx+ C
∫
R
ρu2uxdx+ C(T ).
(2.10)
I2 = −1
2
∫
R
(u(ρβ)x + βρ
βux)u
2
xdx = −
1
2
∫
R
βρβu3xdx−
1
2
∫
R
βρβ−1ρxuu
2
xdx
= I21 + I22.
(2.11)
Direct estimates give
I21 = −1
2
∫
R
βρβu3xdx ≤ C‖ux‖L∞
∫
R
µ(ρ)u2xdx (2.12)
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I22 = −1
2
∫
R
βρβ−1ρxuu
2
xdx
= −1
2
∫
R
βρβ−1ρx
(µ(ρ))2
u(µ(ρ)ux − ργ)2dx−
∫
R
βρβ−1ρx
(µ(ρ))2
uµ(ρ)uxρ
γdx
+
1
2
∫
R
βρ2γ+β−1
(µ(ρ))2
ρxudx
≤ −1
2
∫
R
(
∫ ρ
0
βsβ−1
(µ(s))2
ds)xu(µ(ρ)ux − ργ)2dx−
∫
R
(
∫ ρ
0
βsγ+β−1
(µ(s))2
ds)xu[µ(ρ)ux − ργ ]dx
− 1
2
∫
R
(
∫ ρ
0
βs2γ+β−1
(µ(s))2
ds)xudx
≤ 1
2
∫
R
(
∫ ρ
0
βsβ−1
(µ(s))2
ds)[ux(µ(ρ)ux − ργ)2 + 2u(µ(ρ)ux − ργ)(µ(ρ)ux − ργ)x]dx
+
∫
R
(
∫ ρ
0
βsγ+β−1
(µ(s))2
ds)[ux(µ(ρ)ux − ργ) + u(µ(ρ)ux − ργ)x]dx
+
1
2
∫
R
(
∫ ρ
0
βs2γ+β−1
(µ(s))2
ds)uxdx
≤ C(T ) + C
∫
R
µ(ρ)u2xdx−
∫
R
(
∫ ρ
0
βsβ−1
(µ(s))2
ds)u(µ(ρ)ux − ργ)(ρut + ρuux)dx
−
∫
R
(
∫ ρ
0
βsγ+β−1
(µ(s))2
ds)u(ρut + ρuux)dx+
1
2
∫
R
β
1
2γ + β
ρ2γ+βuxdx
≤ C(T ) + C
∫
R
µ(ρ)u2xdx+ ε
∫
R
ρu2tdx+ C
∫
R
ρu2u2xdx+ C
∫
R
ρu2uxdx.
(2.13)
Using the Gagliardo-Nirenberg inequality, we get
‖ux‖L∞ ≤ ‖µ(ρ)ux − ργ‖L∞ + ‖ργ‖L∞ ≤ C‖µ(ρ)ux − ργ‖L∞ + C
≤ ‖µ(ρ)ux − ργ‖
1
2
L2‖(µ(ρ)ux − ργ)x‖
1
2
L2 + C
≤ C(‖
√
µ(ρ)ux‖L2 + 1) 12 (‖√ρut‖L2 + ‖ux‖L∞‖√ρu‖L2) 12 + C
≤ C(‖
√
µ(ρ)ux‖L2 + 1) 12‖√ρut‖
1
2
L2 + C(‖
√
µ(ρ)ux‖L2 + 1) 12‖ux‖
1
2
L∞ + C
≤ 1
2
‖ux‖L∞ + C(‖
√
µ(ρ)ux‖L2 + 1) + ε‖√ρut‖L2 .
It concludes that
‖ux‖L∞ ≤ C‖
√
µ(ρ)ux‖L2 + ε‖√ρut‖L2 + C. (2.14)
It follows that∫
R
ρu2uxdx ≤ C‖ux‖L∞
∫
R
ρu2dx ≤ C‖ux‖L∞ ≤ C‖
√
µ(ρ)ux‖L2+ε‖√ρut‖L2+C(T ),
(2.15)
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and∫
R
ρu2u2xdx ≤ ‖ux‖2L∞
∫
R
ρu2dx ≤ C‖
√
µ(ρ)ux‖2L2 + ε‖
√
ρut‖2L2 + C(T ). (2.16)
Substituting (2.10)− (2.16) into (2.9), we get
d
dt
∫
R
µ(ρ)u2xdx+
∫
R
ρu2tdx ≤
d
dt
∫
R
ργuxdx+ C(
∫
R
µ(ρ)u2xdx)
2 + C(T ). (2.17)
Integrating (2.17) over [0, T ] and using the Cauchy inequality and Gronwall inequal-
ity, we have ∫
R
µ(ρ)u2xdx+
∫ T
0
∫
R
ρu2tdxdt ≤ C(T ).
Using (2.14) again yields ∫ T
0
‖ux‖2L∞dt ≤ C(T ).
The proof of the lemma is completed. 
Next we show the first derivative estimates of the density.
Lemma 2.5. Let (ρ, u) be the smooth solution to (1.1)− (1.4). Then for any T > 0,
it holds ∫
R
(
ρ2x + (ρ
γ)2x + (ρ
β)2x
)
dx ≤ C(T ).
Proof. Differentiating (1.1)1 with respect to x, multiplying the resulting equation
by ρx and integrating over R, we have
1
2
d
dt
∫
R
ρ2xdx = −
3
2
∫
R
ρ2xuxdx−
∫
R
ρuxxρxdx
≤ C‖ux‖L∞
∫
R
ρ2x + C‖ρ‖L∞‖uxx‖L2‖ρx‖L2 .
(2.18)
Since
ρut + ρuux + (ρ
γ)x = (µ(ρ)ux)x,
combining (2.14) and Lemma 2.4, we have
‖uxx‖L2 ≤ C(‖ρut‖L2 + ‖ρuux‖L2 + ‖(ργ)x‖L2 + ‖(ρβ)xux‖L2)
≤ C(‖√ρut‖L2 + ‖ux‖L∞ + ‖(ργ)x‖L2 + ‖ux‖L∞‖(ρβ)x‖L2)
≤ C
[
‖√ρut‖L2 + 1 + ‖(ργ)x‖L2 + (‖√ρut‖L2 + 1)‖(ρβ)x‖L2
]
.
(2.19)
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Putting (2.14), (2.19) into (2.18), we get
d
dt
∫
R
ρ2xdx ≤ C(‖
√
ρut‖L2 + 1)
∫
R
ρ2xdx+ C
[
‖√ρut‖L2 + 1 + ‖(ργ)x‖L2
+ (‖√ρut‖L2 + 1)‖(ρβ)x‖L2
]
‖ρx‖L2
≤ C(‖√ρut‖2L2 + 1)
∫
R
ρ2xdx+ C(‖(ργ)x‖2L2 + ‖(ρβ)x‖2L2) + C(‖
√
ρut‖2L2 + 1)
≤ C(‖√ρut‖2L2 + 1)
∫
R
ρ2x + (ρ
γ)2x + (ρ
β)2xdx+ C(‖
√
ρut‖2L2 + 1).
(2.20)
Note that
(ργ)t + u(ρ
γ)x + γ(ρ
γ)ux = 0
and
(ρβ)t + u(ρ
β)x + β(ρ
β)ux = 0,
for any γ > 1, β ≥ 0. We can obtain in a similar way that
d
dt
∫
R
(ργ)2x + (ρ
β)2xdx
≤ C(‖√ρut‖2L2 + 1)
∫
R
ρ2x + (ρ
γ)2x + (ρ
β)2xdx+ C(‖
√
ρut‖2L2 + 1).
(2.21)
Substituting (2.21) into (2.20), using Lemma 2.4 and the Gronwall inequality , we
have ∫
R
(
ρ2x + (ρ
γ)2x + (ρ
β)2x
)
dx ≤ C(T ).
The proof of the lemma is completed. 
2.3. Weighted energy estimates.
In this subsection, we will establish the weighted energy estimates. These will be
used in estimates of the higher derivatives of the velocity.
Lemma 2.6. Let (ρ, u) be the smooth solution to (1.1)− (1.4). Then for any T > 0
and α > 0, it holds
∫
R
ρ|u|α+2dx+
∫ T
0
∫
R
µ(ρ)u2x|u|αdxdt ≤ C(T ).
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Proof. For any α > 0, multiplying (1.1)2 by (α+2)|u|αu and integrating with respect
to x over R yields that
d
dt
∫
R
ρ|u|α+2dx+ (α + 2)(α+ 1)
∫
R
µ(ρ)|u|αu2xdx
=
∫
R
ρt|u|α+2dx− (α + 2)
∫
R
ρ|u|α+2uxdx−
∫
R
(ργ)x(α + 2)|u|αudx
= (α+ 2)(α + 1)
∫
R
ργ |u|αuxdx
= (α+ 2)(α + 1)
∫
R
(|u|α2 ux)(ρ|u|α+2)
α
2(α+2)ργ−
α
2(α+2)dx
≤ ε
∫
R
|u|αu2xdx+ C
∫
R
ρ|u|α+2dx+ C.
Use the Gronwall inequality to get
∫
R
ρ|u|α+2dx+
∫ T
0
∫
R
µ(ρ)u2x|u|αdxdt ≤ C(T ).
The proof of the lemma is completed. 
Lemma 2.7. Let (ρ, u) be the smooth solution to (1.1)− (1.4). Then for any T > 0
and 2 < α < 1 + 2
3
√
1+ 3
√
4
, it holds
∫
R
|x|α(ρu2 + ργ + ρβ)dx+
∫ T
0
∫
R
|x|αµ(ρ)u2xdxdt ≤ C(T ).
Proof. Multiplying (1.1)2 by |x|αu and integrating with respect to x over R yields
that
d
dt
∫
R
|x|α(1
2
ρu2 +
1
γ − 1ρ
γ + ρβ)dx+
∫
R
µ(ρ)|x|αu2xdx
=
1
2
∫
R
αρu3|x|α−2xdx+ γα
γ − 1
∫
R
ργ |x|α−2xudx− α
∫
R
µ(ρ)|x|α−2xuuxdx
− (β − 1)
∫
R
|x|αρβuxdx+ α
∫
R
ρβ|x|α−2xudx
≡ Σ5i=1Ji.
(2.22)
The terms Ji (i = 1, 2 · · · 5) on the right side of (2.22) are estimated as follows.
By the Ho¨lder inequality, Caffarelli-Kohn-Nirenberg weighted inequality and Young
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inequality, it holds that
J1 ≤ C
∫
R
ρu3|x|α−1dx = C
∫
R
(ρu2|x|α)α−1α ρ 1αu3− 2(α−1)α dx
= C
∫
R
(ρu2|x|α)α−1α (ρuα+2) 1αdx
≤ ‖|x|α2√ρu‖
2(α−1)
α
L2 ‖
√
ρu
α
2
+1‖
2
α
L2
≤ C
∫
R
|x|αρu2dx+ C(T ),
(2.23)
J2 can be estimated as
J2 ≤ C
∫
R
ργ |u||x|α−1dx = C
∫
R
(
√
ργ |x|α2 )(|u||x|α2−1)√ργdx
≤ C
(∫
R
ργ|x|αdx
) 1
2
‖ ρ ‖
γ
2
L∞‖ |u||x|
α
2
−1 ‖L2
≤ C
(∫
R
ργ|x|αdx
) 1
2
‖ |ux||x|α2 ‖L2
≤ ε
∫
R
µ(ρ)|x|αu2xdx+ C
∫
R
ργ |x|αdx,
(2.24)
where the index α satisfies
1
2
+
α
2
− 1
1
> 0 =⇒ α > 1.
J3 can be rewritten as
J3 = −α
∫
R
µ(ρ)|x|α−2xuuxdx
= −α
∫
R
|x|α−2xuuxdx− α
∫
R
ρβ|x|α−2xuuxdx
≡ J31 + J32.
(2.25)
Direct estimates give
J31 = −α
∫
R
|x|α−2xuuxdx = −α
∫
R
1
2
|x|α−2x(u2)xdx
=
α
2
∫
R
u2
(
(α− 2)|x|α−3 x|x|x+ |x|
α−2
)
dx
=
α
2
∫
R
u2
(
(α− 1)|x|α−2
)
dx ≤ α(α− 1)
2
‖ |x|α2−1u ‖2L2
≤ α(α− 1)
3
8
‖ |x|α2 ux ‖2L2 .
(2.26)
The weight index α > 0 will be chosen to satisfy
α(α− 1)3
8
< 1. (2.27)
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J32 is estimated as
J32 ≤ C
∫
R
ρβ |x|α−1|u||ux|dx = C
∫
R
(|x|α3−1|u|)(|x|α2 |ux|)(ρβ|x|α) 16ρ
5β
6 dx
≤ C ‖ |x|α3−1u ‖L3‖ |x|α2 ux ‖L2‖ ρβ|x|α ‖
1
6
L1
≤ C ‖ ux ‖1−θL2 ‖ |x|
α
2 ux ‖θL2‖ |x|
α
2 ux ‖L2‖ ρβ |x|α ‖
1
6
L1
≤ C ‖ |x|α2 ux ‖1+θL2 ‖ ρβ |x|α ‖
1
6
L1
≤ ε ‖ |x|α2 ux ‖2L2 +C ‖ ρβ|x|α ‖L1 +C(T ),
(2.28)
where θ ∈ (0, 1) and α > 1 are chosen to satisfy
1
3
+
α
3
− 1 = (1
2
− 1)(1− θ) + (1
2
+
α
2
− 1)θ, 1
3
+
α
3
− 1 > 0,
which implies
θ =
2α− 1
3α
<
2
3
, α > 2. (2.29)
By (2.27) and (2.29), we first choose α as
(α− 1)3 < 8
α
< 4 =⇒ α < 1 + 3
√
4.
Then, to guarantee (2.27), we impose
α(α− 1)3
8
<
(1 + 3
√
4)(α− 1)3
8
< 1,
which implies that
(α− 1)3 < 8
1 + 3
√
4
=⇒ α < 1 + 2
3
√
1 + 3
√
4
. (2.30)
Combining (2.29) and (2.30), the index α is chosen to satisfy
2 < α < 1 +
2
3
√
1 + 3
√
4
. (2.31)
Concerning J4 and J5, we have
J4 + J5 ≤ C
∫
R
|x|αρβ |ux|dx+ C
∫
R
ρβ |x|α−1|u|dx
≤ C
(∫
R
|x|αρβdx
) 1
2
‖ |x|α2 ux ‖L2 +C
(∫
R
|x|αρβdx
) 1
2
‖ |x|α2−1u ‖L2
≤ ε ‖ |x|α2 ux ‖2L2 +C
∫
R
|x|αρβdx.
(2.32)
Substituting (2.23) − (2.32) into (2.22) and applying the Gronwall inequality lead
to ∫
R
|x|α(ρu2 + ργ + ρβ)dx+
∫ T
0
∫
R
|x|αµ(ρ)u2xdxdt ≤ C(T ).
The proof of the lemma is completed. 
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2.4. Estimates of the higher order derivatives.
Lemma 2.8. Let (ρ, u) be the smooth solution to (1.1)− (1.4). Then for any T > 0,
it holds∫
R
ρ(ut)
2dx+
∫ T
0
∫
R
µ(ρ)(utx)
2dxdt+
∫ T
0
∫
R
(
ρ2t + (ρ
γ)2t + (ρ
β)2t
)
dxdt ≤ C(T ).
Proof. Differentiating (1.1)2 with respect to t, we have
ρutt + ρtut + ρtuux + ρutux + ρuuxt + (ρ
γ)xt = (µ(ρ)uxt + (ρ
β)tux)x. (2.33)
Multiplying on both sides of (2.33) by ut, integrating over R and using (1.1)1, we
have
1
2
d
dt
∫
R
ρu2tdx+
∫
R
µ(ρ)u2txdx = −
∫
R
ρtuuxutdx−
∫
R
ρu2tuxdx−
∫
R
(ργ)txutdx
−
∫
R
(ρβ)tuxuxtdx− 2
∫
R
ρuutuxtdx ≡ K1 +K2 +K3 +K4 +K5.
(2.34)
Now we estimate the terms K1 −K5 as follows
K1 +K2 = −
∫
R
ρtuuxutdx−
∫
R
ρu2tuxdx =
∫
R
(ρu)x(uuxut)dx−
∫
R
ρu2tuxdx
= −
∫
R
ρu(u2xut + uuxxut + uuxuxt)dx−
∫
R
ρu2tuxdx
≤
∫
R
(
√
ρ|ut|)(√ρ|u|)|ux|2dx+
∫
R
(
√
ρ|ut|)(√ρu2)uxxdx+
∫
R
(
√
ρu)uxt(
√
ρuux)dx
+ ‖ux‖L∞
∫
R
ρu2tdx
≤ C‖ux‖2L∞‖
√
ρut‖L2‖√ρu‖L2 + C‖u‖2L∞‖
√
ρut‖L2‖uxx‖L2
+ C‖u‖L∞‖ux‖L∞‖utx‖L2‖√ρu‖L2 + C‖ux‖L∞
∫
R
ρu2tdx
≤ C(‖√ρut‖L2 + 1)2‖√ρut‖L2 + C(‖|x|α2 ux‖L2 + 1)2‖√ρut‖L2(‖√ρut‖L2 + 1)
+ C(‖√ρut‖L2 + 1)(‖|x|α2 ux‖L2 + 1)‖uxt‖L2 + C(‖√ρut‖L2 + 1)
∫
R
ρu2tdx
≤ ε
∫
R
µ(ρ)u2xtdx+ C(‖|x|
α
2 ux‖2L2 +
∫
R
ρu2tdx+ 1)
∫
R
ρu2tdx+ C(‖|x|
α
2 ux‖2L2 + 1),
(2.35)
where we used the fact
‖ux‖L∞ + ‖uxx‖L2 ≤ C(‖√ρut‖L2 + 1),
which follows from (2.14) and (2.19).
Note that
‖u‖L∞ ≤ ‖u‖
1
α
L
2
α−1
‖ux‖1−
1
α
L2 ≤ C(‖u‖L 2α−1 + ‖ux‖L2)
≤ C(‖|x|α2 ux‖L2 + 1).
(2.36)
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Using (1.1)1, we have
‖ρt‖L2 ≤ C(‖ρux‖L2 + ‖ρxu‖L2) ≤ C(1 + ‖u‖L∞) ≤ C(1 + ‖|x|α2 ux‖L2). (2.37)
Thanks to Lemma 2.7, we have∫ T
0
∫
R
(
ρ2t
)
dxdt ≤ C(T ).
Similarly, we can obtain∫ T
0
∫
R
(
ρ2t + (ρ
γ)2t + (ρ
β)2t
)
dxdt ≤ C(T ).
Integration by parts implies
K3 = −
∫
R
(ργ)txutdx =
∫
R
(ργ)tutxdx =
∫
R
γργ−1ρtutxdx
≤ C‖ρt‖L2‖utx‖L2 ≤ ε‖utx‖2L2 + C‖ρt‖2L2.
(2.38)
K4 = −
∫
R
(ρβ)tuxuxtdx ≤ C‖ux‖L∞‖(ρβ)t‖L2‖uxt‖L2
≤ ε‖uxt‖2L2 + C‖ux‖2L∞‖(ρβ)t‖2L2
≤ ε‖uxt‖2L2 + C(‖
√
ρut‖2L2 + 1)‖(ρβ)t‖2L2 .
(2.39)
K5 is estimated as
K5 = −2
∫
R
ρuutuxtdx ≤ C
∫
R
(
√
ρut)(
√
ρu)uxtdx ≤ C‖u‖L∞‖√ρut‖L2‖uxt‖L2
≤ ε‖uxt‖2L2 + C‖u‖2L∞
∫
R
ρu2tdx
≤ ε‖uxt‖2L2 + C(‖|x|
α
2 ux‖2L2 + 1)
∫
R
ρu2tdx.
(2.40)
Substituting (2.35)-(2.40) into (2.34), integrating the resulted equation with respect
to t over [0, T ], using Lemmas 2.4 and 2.7 and the Gronwall inequality, we obtain∫
R
ρu2tdx+
∫ T
0
∫
R
µ(ρ)u2txdxdt ≤ C(T ).
The proof of the lemma is completed. 
Lemma 2.9. Let (ρ, u) be the smooth solution to (1.1)− (1.4). Then for any T > 0,
it holds
‖ux‖L∞(t) +
∫
R
(uxx)
2dx ≤ C(T ).
Proof. Applying (2.19), Lemma 2.5 and Lemma 2.8, we have
‖uxx‖L2 ≤ C
[
‖√ρut‖L2 + 1 + ‖(ργ)x‖L2 + (‖√ρut‖L2 + 1)‖(ρβ)x‖L2
]
≤ C(T ),
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and
‖ux‖L∞ ≤ C(‖ux‖L2 + ‖uxx‖L2) ≤ C(T ).
Then we complete the proof of the lemma. 
Inspired by Hoff [8], we estimate the weighted material derivative u˙ = (∂t+u∂x)u.
Lemma 2.10. Let (ρ, u) be the smooth solution to (1.1)−(1.4). Then for any T > 0
and 2 < α < 1 + 2
3
√
1+ 3
√
4
, it holds
∫
R
ρu˙2|x|αdx+
∫ T
0
∫
R
(1 + |x|α)µ(ρ)u˙2xdxdt+
∫ T
0
‖ut‖2
L
2
α−1
dt ≤ C(T ).
Proof. Firstly, applying ∂t + ∂x(u·) to equation (1.1)2 gives
ρu˙t + ρuu˙x − (µ(ρ)u˙x)x = (γpux − µ(ρ)u2x − βρβu2x)x. (2.41)
Multiplying on both sides of (2.41) by |x|αu˙ and integrating over R, we have
1
2
d
dt
∫
R
ρu˙2|x|αdx+
∫
R
µ(ρ)u˙2x|x|αdx
=
1
2
α
∫
R
ρu|x|α−2xu˙2dx−
∫
R
µ(ρ)u˙xu˙α|x|α−2xdx
−
∫
R
(γpux − µ(ρ)u2x − βρβu2x)(|x|αu˙x + α|x|α−2xu˙)dx
≡ L1 + L2 + L3.
(2.42)
Direct estimates give
L1 ≤ |1
2
α
∫
R
ρu|x|α−2xu˙2dx| ≤ α
2
∫
R
ρ|u||x|α−1u˙2dx = α
2
∫
R
(ρu˙2|x|α)α−1α (ρu˙2) 1α |u|dx
≤ C‖u‖L∞
∫
R
ρu˙2|x|αdx+ C‖u‖L∞
∫
R
ρu˙2dx
≤ C(‖|x|α2 ux‖L2 + 1)
∫
R
ρu˙2|x|αdx+ C(‖|x|α2 ux‖L2 + 1)(
∫
R
ρu2tdx+
∫
R
ρu2u2xdx)
≤ C(‖|x|α2 ux‖L2 + 1)
∫
R
ρu˙2|x|αdx+ C(‖|x|α2 ux‖L2 + 1),
(2.43)
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L2 ≤ | −
∫
R
µ(ρ)u˙xu˙α|x|α−2xdx| ≤ |
∫
R
u˙xu˙α|x|α−2xdx+
∫
R
ρβ u˙xu˙α|x|α−2xdx|
≤ α(α− 1)
2
∫
R
u˙2|x|α−2dx+ C|
∫
R
(|x|α2 u˙x)(|x|α3−1u˙)(ρβ |x|α) 16ρ
5β
6 dx|
≤ α(α− 1)
3
8
‖|x|α2 u˙x‖2L2 + C‖|x|
α
3
−1u˙‖L3‖|x|α2 u˙x‖L2‖ρβ |x|α‖L1
≤ α(α− 1)
3
8
‖|x|α2 u˙x‖2L2 + C‖u˙x‖1−θL2 ‖|x|
α
2 u˙x‖1+θL2
≤ α(α− 1)
3
8
‖|x|α2 u˙x‖2L2 + ε‖|x|
α
2 u˙x‖2L2 + C‖u˙x‖2L2 .
(2.44)
The index α and θ in (2.44) are chosen to satisfy
1
3
+
α
3
− 1 = (1
2
+
−1
1
)(1− θ) + (1
2
+
α
2
− 1
1
)θ,
which implies
θ =
2α− 1
3α
<
2
3
.
Moreover, the restriction (2.31) guarantees that
1
2
+
α
2
− 1
1
> 0,
1
3
+
α
3
− 1 > 0, α(α− 1)
3
8
< 1.
Concerning L3, we have
L3 = −
∫
R
(γpux − µ(ρ)u2x − βρβu2x)(|x|αu˙x + α|x|α−2xu˙)dx
≤ C
∫
R
(γp+ µ(ρ)|ux|+ βρβ|ux|)(|x|α2 |ux|)(|u˙x||x|α2 )dx
+ C
∫
R
(γp+ µ(ρ)|ux|+ βρβ|ux|)(|x|α2 |ux|)(|u˙||x|α2−1)dx
≤ C‖|x|α2 ux‖L2‖|x|α2 u˙x‖L2
≤ ε‖|x|α2 u˙x‖2L2 + C‖|x|
α
2 ux‖2L2
(2.45)
Since
‖u˙x‖L2 ≤ C‖(ut + uux)x‖L2 ≤ C
(
‖uxt‖L2 + ‖u2x‖L2 + ‖uuxx‖L2
)
≤ C
(
‖uxt‖L2 + ‖u‖L∞ + 1
)
≤ C
(
‖uxt‖L2 + ‖|x|α2 ux‖L2 + 1
)
,
by Lemma 2.7 and Lemma 2.8, we get∫ T
0
∫
R
u˙2xdxdt ≤ C(T ). (2.46)
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Substituting (2.43)-(2.45) into (2.42) and using (2.46), Lemma 2.7 and the Gronwall
inequality, we derive∫
R
ρu˙2|x|αdx+
∫ T
0
∫
R
µ(ρ)u˙2x|x|αdxdt ≤ C(T ).
It follows from the Caffarelli-Kohn-Nirenberg weighted inequality that∫ T
0
‖ut‖2
L
2
α−1
dt ≤
∫ T
0
‖u˙− uux‖2
L
2
α−1
dt ≤
∫ T
0
‖u˙‖2
L
2
α−1
dt+
∫ T
0
‖ux‖2L∞‖u‖2
L
2
α−1
dt
≤
∫ T
0
‖|x|α2 u˙x‖2L2dt+ C
∫ T
0
‖|x|α2 ux‖2L2dt ≤ C(T ).
The proof of the lemma is completed. 
Lemma 2.11. Let (ρ, u) be the smooth solution to (1.1)−(1.4). Then for any T > 0,
it holds ∫
R
(ρ2xx + (ρ
γ)2xx + (ρ
β)2xx)dx+
∫ T
0
∫
R
ρ2xtdxdt ≤ C(T ).
Proof. Differentiating (1.1)1 with respect to x twice, we get
(ρxx)t + 3ρxxux + 3ρxuxx + ρuxxx + uρxxx = 0. (2.47)
Multiplying (2.47) by ρxx, integrating over R and using (1.1)1, we have
1
2
d
dt
∫
R
ρ2xxdx = −3
∫
R
ρ2xxuxdx− 3
∫
R
ρxuxxρxxdx−
∫
R
ρuxxxρxxdx−
∫
R
uρxxxρxxdx
≤ C‖ux‖L∞
∫
R
ρ2xxdx+ C‖ρx‖L∞‖uxx‖L2‖ρxx‖L2
+ C‖ρxx‖L2‖uxxx‖L2 + C‖ux‖L∞
∫
R
ρ2xxdx
≤ C
∫
R
ρ2xxdx+ C(‖ρxx‖L2 + 1)‖ρxx‖L2 + C‖uxxx‖L2‖ρxx‖L2
≤ C
∫
R
ρ2xxdx+ C(‖uxxx‖2L2 + 1).
(2.48)
Similarly, we have
d
dt
∫
R
((ργ)2xx + (ρ
β)2xx)dx ≤ C
∫
R
((ργ)2xx + (ρ
β)2xx)dx+ C(‖uxxx‖2L2 + 1). (2.49)
Combining (2.48) with (2.49), we obtain
d
dt
∫
R
(ρ2xx + (ρ
γ)2xx + (ρ
β)2xx)dx ≤ C
∫
R
(ρ2xx + (ρ
γ)2xx + (ρ
β)2xx)dx+ C(‖uxxx‖2L2 + 1).
(2.50)
Differentiating (1.1)2 with respect to x, we have
µ(ρ)uxxx = −2(ρβ)xuxx − (ρβ)xxux + ρxut + ρuxt + ρxuux + ρu2x + ρuuxx + (ργ)xx,
(2.51)
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which yields
‖uxxx‖L2 ≤ C
(
‖(ρβ)xuxx‖L2 + ‖(ρβ)xxux‖L2 + ‖ρxut‖L2 + ‖ρuxt‖L2
+ ‖ρxuux‖L2 + ‖ρu2x‖L2 + ‖ρuuxx‖L2 + ‖(ργ)xx‖L2
)
≤
(
‖(ρβ)x‖L∞‖uxx‖L2 + ‖ux‖L∞‖(ρβ)xx‖L2 + ‖ut‖L∞‖ρx‖L2
+ ‖ρ‖L∞‖uxt‖L2 + ‖u‖L∞‖ux‖L∞‖ρx‖L2 + ‖ρ‖L∞‖ux‖2L4
+ ‖ρu‖L∞‖uxx‖L2 + ‖(ργ)xx‖L2
)
≤ C
(
‖ρxx‖L2 + ‖(ρβ)xx‖L2 + ‖|x|α2 u˙x‖L2 + ‖uxt‖L2 + ‖|x|α2 ux‖L2
+ 1 + ‖(ργ)xx‖L2
)
.
(2.52)
Combining (2.50) with (2.52), we get
d
dt
∫
R
(ρ2xx + (ρ
γ)2xx + (ρ
β)2xx)dx
≤ C
∫
R
(ρ2xx + (ρ
γ)2xx + (ρ
β)2xx)dx+ C(‖|x|
α
2 u˙x‖2L2 + ‖uxt‖2L2 + ‖|x|
α
2 ux‖2L2 + 1)
Using Lemmas 2.7, 2.8, 2.10, and the Gronwall inequality, we get∫
R
(ρ2xx + (ρ
γ)2xx + (ρ
β)2xxdx ≤ C(T ).
Furthermore, differentiating (1.1)1 with respect to x, we have
ρxt + 2ρxux + ρuxx + uρxx = 0
which implies
‖ρxt‖L2 ≤ C(‖ρxux‖L2 + ‖ρuxx‖L2 + ‖uρxx‖L2)
≤ C(1 + ‖u‖L∞)
≤ C(1 + ‖|x|α2 ux‖L2)
(2.53)
and ∫ T
0
∫
R
ρ2xtdxdt ≤ C(T ).
The proof of the lemma is completed. 
Lemma 2.12. Let (ρ, u) be the smooth solution to (1.1)−(1.4). Then for any T > 0
and 2 < α < 1 + 2
3
√
1+ 3
√
4
, it holds
∫
R
(
ρ2t+(ρ
γ)2t+(ρ
β)2t+ρ
2
xt+(ρ
γ)2xt+(ρ
β)2xt+µ(ρ)|x|αu2x
)
dx+
∫ T
0
∫
R
ρu˙2|x|αdxdt ≤ C(T ).
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Proof. Rewriting the equation (1.1)2 as
ρu˙+ (ργ)x = (µ(ρ)ux)x. (2.54)
Multiplying on both sides of (2.54) by |x|αu˙ and integrating on R with respect to
x, we have
1
2
d
dt
∫
R
µ(ρ)|x|αu2xdx+
∫
R
ρu˙2|x|αdx
=
1
2
∫
R
(ρβ)t|x|αu2xdx−
∫
R
µ(ρ)ux|x|α(uux)xdx
−
∫
R
µ(ρ)uxα|x|α−2xu˙dx−
∫
R
(ργ)x|x|αu˙dx
≡M1 +M2 +M3 +M4.
(2.55)
Next we estimate the terms M1 −M4,
M1 =
1
2
∫
R
(ρβ)t|x|αu2xdx ≤ C‖(ρβ)t‖L∞
∫
R
|x|αu2xdx ≤ C(1 + ‖|x|
α
2 ux‖L2)
∫
R
|x|αu2xdx,
(2.56)
where
‖ρt‖L∞ ≤ C(‖ρt‖L2 + ‖ρxt‖L2)
≤ C(‖ρux‖L2 + ‖uρx‖L2 + ‖ρxux‖L2 + ‖ρuxx‖L2 + ‖uρxx‖L2)
≤ C(1 + ‖u‖L∞) ≤ C(1 + ‖|x|α2 ux‖L2).
(2.57)
Similar to (2.57), we get
‖(ργ)t‖L∞ + ‖(ρβ)t‖L∞ ≤ C(1 + ‖|x|α2 ux‖L2). (2.58)
Integration by parts yields
M2 = −
∫
R
ux|x|α(uux)xdx−
∫
R
ρβux|x|α(uux)xdx
=
1
2
∫
R
α|x|α−2xuu2xdx−
1
2
∫
R
|x|αu3xdx−
1
2
∫
R
ρβ|x|αu3xdx
+
1
2
∫
R
(ρβ)xu
2
x|x|αudx+
1
2
∫
R
ρβu2xuα|x|α−2xdx
≤ C‖ux‖L∞‖|x|α2 ux‖L2‖|x|α2−1u‖L2 + C‖ux‖L∞
∫
R
|x|αu2xdx
+ ‖(ρβ)x‖L∞‖u‖L∞
∫
R
|x|αu2xdx+ C‖ux‖L∞‖|x|
α
2 ux‖L2‖|x|α2−1u‖L2
≤ C(1 + ‖|x|α2 ux‖L2)
∫
R
|x|αu2xdx,
(2.59)
M3 = −
∫
R
µ(ρ)uxα|x|α−2xu˙ ≤ C
∫
R
|ux||u˙||x|α−1 =
∫
R
(|x|α2 |ux|)(|x|α2−1|u˙|)
≤ C‖|x|α2 ux‖L2‖|x|α2−1u˙‖L2 ≤ C‖|x|α2 ux‖L2‖|x|α2 u˙x‖L2
≤ C‖|x|α2 ux‖2L2 + C‖|x|
α
2 u˙x‖2L2 .
(2.60)
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Similarly, we have
M4 = −
∫
R
(ργ)x|x|αu˙dx =
∫
R
ργ(|x|αux + α|x|α−2xu˙)dx
≤ C‖ργ2 |x|α2 ‖L2‖|x|α2 u˙x‖L2 + C‖ρ
γ
2 |x|α2 ‖L2‖|x|α2−1u˙‖L2
≤ C‖|x|α2 u˙x‖L2 .
(2.61)
Substituting (2.56), (2.59), (2.60), (2.61) into (2.55) yields∫
R
µ(ρ)|x|αu2xdx+
∫ T
0
∫
R
ρu˙2|x|αdxdt ≤ C(T ).
It follows from (2.37) and (2.53) that
‖ρt‖L2 + ‖ρxt‖L2 ≤ C(1 + ‖|x|α2 ux‖L2) ≤ C(T ).
Similarly, we have
‖(ργ)t‖L2 + ‖(ρβ)t‖L2 + ‖(ργ)xt‖L2 + ‖(ρβ)xt‖L2 ≤ C(T ).
The proof of the lemma is completed. 
Lemma 2.13. Let (ρ, u) be the smooth solution to (1.1) − (1.4). Then for any
0 ≤ t ≤ T , it holds
t
∫
R
µ(ρ)u˙2xdx+
∫ T
0
t(‖√ρu˙t‖2L2 + ‖u˙xx‖2L2)dt ≤ C(T ).
Proof. Multiplying on both sides of (2.41) by u˙t and integrating the resulted equation
with respect to x over R, we have
1
2
d
dt
∫
R
µ(ρ)u˙2xdx+
∫
R
ρu˙2tdx =
d
dt
∫
R
(µ(ρ)u2x + βρ
βu2x − γργux)u˙xdx
+
1
2
∫
R
(ρβ)tu˙
2
xdx−
∫
R
ρuu˙xu˙tdx−
∫
R
((ρβ)tu
2
x + β(ρ
β)tu
2
x − γ(ργ)tux)u˙xdx
−
∫
R
(2µ(ρ)ux + 2βρ
βux − γργ)(u˙− uux)xu˙xdx
(2.62)
It follows that:
1
2
∫
R
(ρβ)tu˙
2
xdx−
∫
R
ρuu˙xu˙tdx
≤ C‖(ρβ)t‖L∞
∫
R
u˙2xdx+ ‖
√
ρ‖L∞‖u‖L∞‖√ρu˙t‖L2‖u˙x‖L2
≤ C(1 + ‖|x|α2 ux‖L2)
∫
R
u˙2xdx+ C(1 + ‖|x|
α
2 ux‖L2)‖√ρu˙t‖L2‖u˙x‖L2
≤ ε
∫
R
ρu˙2tdx+ C
∫
R
u˙2xdx,
(2.63)
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where (2.58) has been used. Due to Lemma 2.12, we obtain
−
∫
R
((ρβ)tu
2
x + β(ρ
β)tu
2
x − γ(ργ)tux)u˙xdx
≤ C‖(ρβ)t‖L∞‖ux‖2L4‖u˙x‖L2 + ‖(ργ)t‖L∞‖ux‖L2‖u˙x‖L2
≤ C(1 + ‖|x|α2 ux‖L2)‖u˙x‖L2
≤ C‖u˙x‖L2 .
(2.64)
Similarly,
−
∫
R
(2µ(ρ)ux + 2βρ
βux − γργ)(u˙− uux)xu˙xdx
= −
∫
R
(2µ(ρ)ux + 2βρ
βux − γργ)(u˙2x − u2xu˙x − uuxxu˙x)dx
≤ C
∫
R
u˙2xdx+ C‖ux‖2L4‖u˙x‖L2 + C‖u‖L∞‖uxx‖L2‖u˙x‖L2
≤ C
∫
R
u˙2xdx+ C(T ).
(2.65)
Substituting (2.63), (2.64), (2.65) into (2.62), multiplying the resulted equation by t
and integrating respect to t over [τ, t1] with τ, t1 ∈ [0, T ] give that
t1‖
√
µ(ρ)u˙x‖2L2(t1) +
∫ t1
τ
t‖√ρu˙t‖2L2dt
≤ τ‖
√
µ(ρ)u˙x‖2L2(τ) + t1G(t1)− τG(τ) +
∫ t1
τ
‖
√
µ(ρ)u˙x‖2L2dt
−
∫ t1
τ
G(t)dt+ C
∫ t1
τ
t‖u˙x‖2L2dt
≤ τ‖
√
µ(ρ)u˙x‖2L2(τ)− τG(τ) + C
∫ t1
τ
t‖u˙x‖2L2dt+ C(T )
(2.66)
where
G(t) =
∫
R
(µ(ρ)u2x + βρ
βu2x − γργux)u˙xdx.
It follows from Lemma 2.10 that G(t) ∈ L1(0, T ), ‖√µ(ρ)u˙x‖L2 ∈ L2(0, T ). Thus,
there exists a subsequence τk such that
τk → 0, τkG(τk)→ 0, τk‖
√
µ(ρ)u˙x‖2L2(τk)→ 0, as k → +∞.
Taking τ = τk in (2.66), then letting k → +∞ and using the Gronwall inequality,
one gets that
t‖
√
µ(ρ)u˙x‖2L2 +
∫ T
0
t‖√ρu˙t‖2L2dt ≤ C(T ).
It follows from (2.41) that
µ(ρ)u˙xx = ρu˙t + ρuu˙x − (γpux − µ(ρ)u2x − βρβu2x)x − (ρβ)xu˙x
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Which yields
‖u˙xx‖L2 ≤ C
(
‖ρu˙t‖L2 + ‖ρuu˙x‖L2 + ‖(γpux − µ(ρ)u2x − βρβu2x)x‖L2 + ‖(ρβ)xu˙x‖L2
)
≤ C(‖√ρu˙t‖L2 + ‖u˙x‖L2 + 1)
and ∫ T
0
t‖u˙xx‖2L2dt ≤ C(T )
The proof of the lemma is completed. 
Lemma 2.14. Let (ρ, u) be the smooth solution to (1.1) − (1.4). Then for any
0 ≤ t ≤ T , it holds
t2
∫
R
ρu˙2tdx+
∫ T
0
t2
∫
R
µ(ρ)u˙2xtdxdt ≤ C(T ).
Proof. Differentiating (2.41) with respect to t, we have
ρu˙tt + ρtu˙t + ρtuu˙x + ρutu˙x + ρuu˙xt − (µ(ρ)u˙xt)x − ((ρβ)tu˙x)x
= (γ(ργ)tux + γρ
γuxt − (ρβ)tu2x − 2µ(ρ)uxuxt − β(ρβ)tu2x − 2βρβuxuxt)x.
(2.67)
Multiplying on both sides of (2.67) by u˙t, integrating the resulted equation over R,
we have
1
2
d
dt
∫
R
ρu˙2tdx+
∫
R
µ(ρ)u˙2xtdx
≤ −
∫
R
ρtuu˙xu˙tdx−
∫
R
ρutu˙xu˙tdx−
∫
R
(ρβ)tu˙xu˙xtdx− 2
∫
R
ρuu˙xtu˙tdx
+ C‖u˙xt‖L2(‖(ργ)t‖L∞‖ux‖L2 + ‖uxt‖L2 + ‖(ρβ)t‖L∞‖ux‖2L4)
≤ −
∫
R
ρtuu˙xu˙tdx−
∫
R
ρutu˙xu˙tdx−
∫
R
(ρβ)tu˙xu˙xtdx− 2
∫
R
ρuu˙xtu˙tdx+ C‖u˙xt‖L2
(2.68)
It follows that
−
∫
R
ρtuu˙xu˙tdx =
∫
R
(ρu)xuu˙xu˙tdx
= −
∫
R
ρu(uxu˙xu˙t + uu˙xxu˙t + uu˙xu˙tx)dx
≤ C(‖√ρu˙t‖L2‖u˙x‖L2 + ‖√ρu˙t‖L2‖u˙xx‖L2 + ‖u˙x‖L2‖u˙tx‖L2)
≤ ε‖u˙tx‖2L2 + C(‖
√
ρu˙t‖2L2 + ‖u˙x‖2L2 + ‖u˙xx‖2L2)
(2.69)
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−
∫
R
ρutu˙xu˙tdx ≤ C
∫
R
√
ρ|u˙t||√ρut||u˙x|dx
≤ C‖ut‖L∞‖√ρu˙t‖L2‖u˙x‖L2
≤ C(‖|x|α2 u˙x‖L2 + 1)‖√ρu˙t‖L2
≤ C
∫
R
ρu˙2tdx+ C(‖|x|
α
2 u˙x‖2L2 + 1).
(2.70)
Similarly, we have
−
∫
R
(ρβ)tu˙xu˙xtdx− 2
∫
R
ρuu˙xtu˙tdx
≤ C‖(ρβ)t‖L∞‖u˙x‖L2‖u˙xt‖L2 + C‖u‖L∞‖u˙xt‖L2‖√ρu˙t‖L2
≤ C‖u˙xt‖L2(1 + ‖√ρu˙t‖L2)
≤ ε‖u˙xt‖2L2 + C
∫
R
ρu˙2tdx+ C(T ),
(2.71)
C‖u˙xt‖L2 ≤ ε‖u˙xt‖2L2 + C(T ). (2.72)
Substituting (2.69), (2.70), (2.71), (2.72) into (2.68), multiplying the resulted equa-
tion by t2 and integrating respect to t over [τ, t1] with τ, t1 ∈ [0, T ] give that
t21‖
√
ρu˙t‖2L2(t1) +
∫ t1
τ
t2‖
√
µ(ρ)u˙xt‖2L2dt
≤ τ 2‖√ρu˙t‖2L2 + 2
∫ t1
τ
t‖√ρu˙t‖2L2dt+ C
∫ t1
τ
t2‖√ρu˙t‖2L2dt
+ C
∫ t1
τ
t2(‖u˙x‖2L2 + ‖u˙xx‖2L2 + ‖|x|
α
2 u˙x‖2L2 + 1)dt.
(2.73)
Since
t‖√ρu˙t‖L2 ∈ L2(0, T ).
Thus there exists a subsequence τk such that
τk → 0, τ 2k‖
√
ρu˙t(τk)‖2L2 → 0, as k → +∞.
Taking τ = τk in (2.73), then letting k → +∞ and using the Gronwall inequality,
one gets that
t2
∫
R
ρu˙2tdx+
∫ T
0
t2
∫
R
µ(ρ)u˙2xtdxdt ≤ C(T ).
The proof of the lemma is completed. 
Lemma 2.15. Let (ρ, u) be the smooth solution to (1.1) − (1.4). Then for any
0 ≤ t ≤ T, 2 < α < 1 + 2
3
√
1+ 3
√
4
, it holds
t‖
√
µ(ρ)|x|α4 u˙x‖2L2 +
∫ T
0
t‖√ρu˙t|x|α4 ‖2L2dt ≤ C(T ).
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Proof. Multiplying on both sides of (2.41) by |x|α2 u˙t, integrating the resulted equa-
tion over R, we have
1
2
d
dt
∫
R
µ(ρ)u˙2x|x|
α
2 dx+
∫
R
ρu˙2t |x|
α
2 dx
=
d
dt
∫
R
(µ(ρ)u2x + βρ
βu2x − γργux)(|x|
α
2 u˙x +
α
2
|x|α2−2xu˙)dx
+
1
2
∫
R
(ρβ)tu˙
2
x|x|
α
2 dx− α
2
∫
R
µ(ρ)u˙x|x|α2−2xu˙tdx−
∫
R
ρuu˙x|x|α2 u˙tdx
−
∫
R
((ρβ)tu
2
x + 2µ(ρ)uxuxt + β(ρ
β)tu
2
x + 2βρ
βuxuxt − γ(ργ)tux − γργuxt)
× (|x|α2 u˙x + α
2
|x|α2−2xu˙)dx
(2.74)
It follows from (2.58) that
1
2
∫
R
(ρβ)tu˙
2
x|x|
α
2 dx ≤ C‖(ρβ)t‖L∞
∫
R
|x|α2 u˙2xdx ≤ C
∫
R
|x|α2 u˙2xdx. (2.75)
Direct estimates lead to
− α
2
∫
R
µ(ρ)u˙x|x|α2−2xu˙tdx
= −α
2
d
dt
∫
R
µ(ρ)u˙x|x|α2−2xu˙dx+ α
2
∫
R
(ρβ)tu˙x|x|α2−2xu˙dx+ α
2
∫
R
µ(ρ)u˙xt|x|α2−2xu˙dx
≤ −α
2
d
dt
∫
R
µ(ρ)u˙x|x|α2−2xu˙dx+ C‖(ρβ)t‖L∞‖u˙x‖L2‖|x|α2−1u˙‖L2 + C‖u˙xt‖L2‖|x|α2−1u˙‖L2
≤ −α
2
d
dt
∫
R
µ(ρ)u˙x|x|α2−2xu˙dx+ C‖|x|α2 u˙x‖L2 + C‖|x|α2 u˙x‖L2‖u˙xt‖L2
≤ −α
2
d
dt
∫
R
µ(ρ)u˙x|x|α2−2xu˙dx+ C(1 + ‖u˙xt‖L2)‖|x|α2 u˙x‖L2,
(2.76)
−
∫
R
ρuu˙x|x|α2 u˙tdx ≤ C
∫
R
(
√
ρu˙t|x|α4 )(u˙x|x|α4 )√ρudx
≤ C‖√ρu‖L∞‖√ρu˙t|x|α4 ‖L2‖u˙x|x|α4 ‖L2
≤ ε
∫
R
ρu˙2t |x|
α
2 dx+ C‖u˙x|x|α4 ‖2L2,
(2.77)
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and
−
∫
R
(
(ρβ)tu
2
x + 2µ(ρ)uxuxt + β(ρ
β)tu
2
x + 2βρ
βuxuxt − γ(ργ)tux − γργuxt
)
(
|x|α2 u˙x + α
2
|x|α2−2xu˙
)
dx
≤ C(‖|x|α2 u˙x‖L2 + ‖|x|α2−1u˙‖L2)(‖(ρβ)t‖L∞‖ux‖2L4 + ‖ux‖L∞‖uxt‖L2
+ ‖(ρβ)t‖L∞‖ux‖2L4 + ‖ux‖L∞‖uxt‖L2 + ‖(ργ)t‖L∞‖ux‖L2 + ‖ργ‖L∞‖uxt‖L2)
≤ C‖|x|α2 u˙x‖L2.
(2.78)
Substituting (2.75)− (2.78) into (2.74), we get
d
dt
∫
R
µ(ρ)u˙2x|x|
α
2 dx+
∫
R
ρu˙2t |x|
α
2 dx
≤ d
dt
∫
R
(µ(ρ)u2x + βρ
βu2x − γργux)(|x|
α
2 u˙x +
α
2
|x|α2−2xu˙)dx
− α
2
d
dt
∫
R
µ(ρ)u˙x|x|α2−2xu˙dx+
∫
R
|x|α2 u˙2xdx+ C(1 + ‖u˙xt‖L2)‖|x|
α
2 u˙x‖L2
≤ d
dt
F (t)− d
dt
H(t) + C(1 + ‖u˙xt‖2L2 + ‖|x|
α
2 u˙x‖2L2),
(2.79)
where
F (t) =
∫
R
(µ(ρ)u2x + βρ
βu2x − γργux)(|x|
α
2 u˙x +
α
2
|x|α2−2xu˙)dx,
H(t) =
α
2
∫
R
µ(ρ)u˙x|x|α2−2xu˙dx.
Multiplying the inequality (2.79) by t and then integrating the resulted inequality
with respect to t over [τ, t1] with both τ, t1 ∈ [0, T ] give
t1‖
√
µ(ρ)|x|α4 u˙x‖2L2(t1) +
∫ t1
τ
t‖√ρu˙t|x|α4 ‖2L2dt
≤ τ‖
√
µ(ρ)|x|α4 u˙x‖2L2(τ) +
∫ t1
τ
‖
√
µ(ρ)|x|α4 u˙x‖2L2dt+ t1F (t1)− τF (τ)
−
∫ t1
τ
F (t)dt− t1H(t1) + τH(τ) +
∫ t1
τ
H(t)dt
+ C
∫ t1
τ
t(1 + ‖u˙xt‖2L2 + ‖|x|
α
2 u˙x‖2L2)dt.
(2.80)
Note that∫ T
0
‖
√
µ(ρ)u˙x|x|α4 ‖2L2dt ≤
∫ T
0
‖
√
µ(ρ)|u˙x|(1 + |x|α2 )‖2L2dt ≤ C(T ),
Cauchy problem of the 1-D compressible N-S equations 27∫ T
0
F (t)dt =
∫ T
0
∫
R
(µ(ρ)u2x + βρ
βu2x − γργux)(|x|
α
2 u˙x +
α
2
|x|α2−2xu˙)dxdt
≤ C
∫ T
0
‖|x|α2 u˙x‖2L2dt ≤ C(T ),
and ∫ T
0
H(t)dt =
∫ T
0
∫
R
µ(ρ)u˙x|x|α2−2xu˙dxdt ≤ C
∫ T
0
∫
R
|u˙x||x|α2−1|u˙|dxdt
≤ C
∫ T
0
‖u˙x‖L2‖|x|α2−1u˙‖L2dt
≤ C
∫ T
0
(‖u˙x‖2L2 + ‖|x|
α
2 u˙x‖2L2)dt ≤ C(T ).
There exists a subsequence τk such that as k → +∞,
τk → 0, τk
(∫
R
µ(ρ)u˙2x|x|
α
2 dx
)
(τk)→ 0, τk
(∫
R
µ(ρ)u˙x|x|α2−2xu˙dx
)
(τk)→ 0,
and
τk
(∫
R
(µ(ρ)u2x + βρ
βu2x − γργux)(|x|
α
2 u˙x +
α
2
|x|α2−2xu˙)dx
)
(τk)→ 0.
Taking τ = τk in (2.80), then letting k → +∞ and using the Cauchy inequality and
Gronwall inequality, one can obtain
t‖
√
µ(ρ)|x|α4 u˙x‖2L2 +
∫ T
0
t‖√ρu˙t|x|α4 ‖2L2dt ≤ C(T ).
The proof of the lemma is completed. 
Lemma 2.16. Let (ρ, u) be the smooth solution to (1.1) − (1.4). Then for any
0 ≤ t ≤ T , it holds
t
∫
R
u2xxxdx ≤ C(T ).
Proof. Rewriting the equation (1.1)2 as
ρu˙+ (ργ)x = µ(ρ)uxx + (ρ
β)xux.
Differentiating the above equation with respect to x, we have
µ(ρ)uxxx = ρxu˙+ ρu˙x + (ρ
γ)xx − (ρβ)xxux − 2(ρβ)xuxx.
This implies that
‖uxxx‖L2 ≤ C‖ρxu˙+ ρu˙x + (ργ)xx − (ρβ)xxux − 2(ρβ)xuxx‖L2
≤ C(‖u˙‖L∞‖ρx‖L2 + 1) ≤ C(‖u˙‖L∞ + 1)
≤ C(‖u˙‖
L
4
α−2
+ ‖u˙x‖L2 + 1)
≤ C(‖|x|α4 u˙x‖L2 + 1).
28 Q. S. Jiu, M. J. Li, Y. L. Ye
Thanks to Lemma 2.15, it deduces
t
∫
R
u2xxxdx ≤ C(T ).
The proof of the lemma is completed. 
3. Proof of Theorem 1.1.
In this section, we give the proof of our main result.
We first state the local existence and uniqueness of classical solution when the
initial data may contain vacuum, the proof is referred to [22], [3].
Lemma 3.1. Under assumptions of Theorem (1.1), there exists a T∗ > 0 and an
unique classical solution (ρ, u) to the Cauchy problem (1.1) − (1.4) satisfying (1.8)
with T replaced by T∗.
With all the a priori estimates in Section 2 at hand, we are ready to prove the
main results of this paper in this section.
Proof of Theorem 1.1. We first show that (ρ, u) is a classical solution to (1.1)−(1.4)
if (ρ, u) satisfies (1.8). Since u ∈ L2(0, T ;L 2α−1 ∩ D3(R)) and ut ∈ L2(0, T ;L 2α−1 ∩
D1(R)), the Sobolev’s embedding theorem implies that
u ∈ C([0, T ];L 2α−1 ∩D2(R)) →֒ C([0, T ]× R)
It follows from (ρ, p(ρ)) ∈ L∞(0, T ;H2(R)), and (ρ, P (ρ))t ∈ L∞(0, T ;H1(R)) that
(ρ, P (ρ)) ∈ C([0, T ];W 1,q(R)) ∩ C([0, T ];H2(R) − weak) with 2 < q < +∞. This,
together with (1.1)1 and [3], implies that
(ρ, P (ρ)) ∈ C([0, T ];H2(R))
Moreover, since for any τ ∈ (0, T )
u ∈ L∞(τ, T ;L 2α−1 ∩D3(R)) , ut ∈ L∞(τ, T ;L
2
α−1 (R)),
we have
u ∈ C([τ, T ];W 3,q(R)) →֒ C([τ, T ];C2,ζ(R)), 0 < ζ < 1
2
for 1 < q < 2.
Note that
(ρx, (P (ρ))x) ∈ C([0, T ];H1(R)) →֒ C([0, T ]× R).
Using the continuity equation (1.1)1, one has
ρt = −(ρux + uρx) ∈ C([τ, T ]× R).
Using the momentum equation (1.1)2, one has
(ρu)t = (µ(ρ)ux)x − (ρu2)x − px
= µ(ρ)uxx + (ρ
β)xux − ρxu2 − 2ρuux − (ργ)x
∈ C([τ, T ]× R)
Theorem 1.1 follows from Lemma 3.1 which is about the local well-posedness of
the classical solution and global (in time) a priori estimates in Section 2. In fact, by
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Lemma 3.1, there exists a local classical solution (ρ, u) on the time interval (0, T∗]
with T∗ > 0. Now let T
∗ be the maximal existing time of the classical solution (ρ, u)
in Lemma 3.1. Then obviously one has T ∗ ≥ T∗. Now we claim that T ∗ ≥ T for
any T > 0 being any fixed positive constant given in Theorem 1.1. Otherwise, if
T ∗ < T , then all the a priori estimates in Section 2 hold with T being replaced by
T ∗. In particular, from the Lemma 2.8, 2.10, it holds that
(1 + |x|α2 )√ρu˙ ∈ C([0, T ∗];L2(R)).
Therefore, it follows from a priori estimates in Section 2 that (ρ, u)(x, T ∗) satisfy
(1.8) and the compatibility condition (1.7) at time t = T ∗ with g(x) =
√
ρu˙(x, T ∗).
By using lemma 3.1 again, there exists a T ∗1 > 0 such that the classical solution
(ρ, u) in Lemma 3.1 exists on (0, T ∗ + T ∗1 ], which contradicts with T
∗ being the
maximal existing time of the classical solution (ρ, u). Thus it holds that T ∗ ≥ T .
The proof of Theorem 1.1 is completed. 
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